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a b s t r a c t
The square G2 of a graph G is the graph having the same vertex set as G and two vertices
are adjacent if and only if they are at distance at most 2 from each other. It is known that
if G has no cut-vertex, then G2 is Hamilton-connected (see [G. Chartrand, A.M. Hobbs, H.A.
Jung, S.F. Kapoor, C.St.J.A. Nash-Williams, The square of a block is hamiltonian connected,
J. Combin. Theory Ser. B 16 (1974) 290–292; R.J. Faudree and R.H. Schelp, The square of a
block is strongly path connected, J. Combin. Theory Ser. B 20 (1976) 47–61]). We prove that
if G has only one cut-vertex, then G2 is Hamilton-connected. In the case that G has only two
cut-vertices, we prove that if the block that contains the two cut-vertices is hamiltonian,
then G2 is Hamilton-connected. Further, we characterize all graphs with at most one cycle
having Hamilton-connected square.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction and preliminaries
Let G be a graph. The square of G, denoted G2, is the graph obtained from G by adding edges joining those pairs of vertices
whose distance from each other in G is two. While it is not true that the square of every connected graph is hamiltonian,
it has been conjectured independently by Plummer and Nash-Williams that G2 is hamiltonian if G contains no cut-vertices
(see [7]). In [3], Fleischner proved the conjecture in the affirmative. Under the same condition, it has been discovered that
G2 admits some even stronger hamiltonian properties described below (see [1,2,4,6]).
A graph is pancyclic if it contains a cycle of each length of at least three. As such, a pancyclic graph is necessary
hamiltonian. In the event that every vertex (respectively edge) of a graph is in a cycle of every length, then the graph is
called vertex- (respectively edge-) pancyclic. A graph is panconnected if, between any pair of distinct vertices, it contains a
path of each length at least the distance between the two vertices. Clearly a panconnected graph is edge-pancyclic and an
edge-pancyclic graph is vertex-pancyclic, which of course is pancyclic. A graph is Hamilton-connected if there is a Hamilton
path between any pair of distinct vertices. As such, a panconnected graph is necessary Hamilton-connected.
In the case of square of graphs, Fleischner observed that some of these concepts coincide.
Theorem 1 ([4]). Let G be a connected graph. Then
(i) G2 is vertex-pancyclic if and only if G2 is hamiltonian.
(ii) G2 is panconnected if and only if G2 is Hamilton-connected.
Let G be a connected graph with no cut-vertices. Then it has been shown independently in [1] and [2] that G2 is
panconnected (and hence is Hamilton-connected) and that G2 is vertex-pancyclic (in [6]). These results together with
Theorem 1 have motivated the authors of this paper to consider the panconnectedness of square of graphs having one
or more cut-vertices. In particular, we show that, when G contains precisely one cut-vertex, then G2 is panconnected (see
Theorem 4). Further, we prove a partial result when G contains precisely two cut-vertices (see Theorem 5).
The proofs rely on the following two well-known results.
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Theorem 2 ([4]). Suppose x and y are two arbitrarily chosen vertices of a 2-connected graph G. Then G2 contains a Hamilton
cycle C such that the edges of C incident to x are in G and at least one of the edges of C incident to y is in G. Further, if x and y
are adjacent in G, then these are three different edges.
Theorem 3 ([4]). Suppose x, y and z are three distinct vertices of a 2-connected graph G. Then G2 contains a Hamilton path P(x, y)
with x and y as end vertices such that one edge of P incident to z is in G. Further, P(x, y) exists such that, for a given q ∈ {x, y},
an edge incident to q in G belongs to P(x, y).
In Problem 2, we ask whether or not Theorem 3 can be extended to the case when four vertices are given.
2. Results
This section contains the main results of the paper. The proofs take advantage of Theorem 1.
Theorem 4. Let G be a connected graph having only one cut-vertex. Then G2 is panconnected.
Proof. By Theorem 1, we need only show that G2 is Hamilton-connected. For this purpose, let u and v be two vertices in G2.
We shall show that there is a Hamilton path in G2 with u and v as end vertices.
If G has no non-trivial block, (a block is trivial if it is a K2), then G2 is a complete graph and hence is panconnected.
Let B1, . . . , Bt denote the non-trivial blocks of G. Then clearly ∩ti=1 V (Bi) = {x}where x is the cut-vertex of G.
Let J denote the set of all vertices of degree 1 in G. That is, yx is a trivial block of G if and only if y ∈ J . Note that J induces
a complete graph in G2. Let P(J) denote a path in G2 containing all the vertices of J . Note also that, in G2, any vertex in J is
adjacent to all the vertices in N(x), the neighborhood of x (so that P(J) can be extended to a longer path by joining an end
vertex of P(J) to a vertex in N(x)).
Case (1): u and v lie on the same block.
Suppose u, v ∈ V (B1). By Theorem 3, there is a Hamilton path P(u, v) in B21 with u and v as end vertices and passing
through an edgew1x of B1. Let P(u, v) be written as P(u, w1)w1xP(x, v)where P(u, w1) (respectively P(x, v)) is the subpath
of P(u, v)with u andw1 (respectively x and v) as end vertices.
Suppose t = 1. Then we see that
P(u, w1)P(J)P(x, v) (1)
is a Hamilton path in G2 with u and v as end vertices.
Hence we assume that t ≥ 2. For each i ≥ 2, let xi ∈ V (Bi) ∩ N(x). By Theorem 2, there is a Hamilton cycle Ci in B2i
containing the edges xxi and xyi for some vertex yi ∈ V (Bi)∩N(x). Let P(xi, yi) denote the path obtained from Ci by deleting
the vertex x. Then we see that
P(u, w1)P(J)P(x2, y2) · · · P(xt , yt)P(x, v) (2)
is a Hamilton path in G2 with u and v as end vertices.
In the case that x ∈ {u, v}, wemay assume that v = x, inwhich case theHamilton path in (1) takes the form P(u, w1)P(J)x
while the Hamilton path in (2) takes the form P(u, w1)P(J)P(x2, y2) · · · P(xt , yt)x.
Case (2): u and v lie on different blocks.
Suppose u ∈ V (B1) and v ∈ V (B2). (The case that u or v lies on a trivial block could be reduced to either Case (1) or the
present case). Then by Theorem 3, there is Hamilton path P(u, x) in B21 (respectively P(x, v) in B
2
2) where P(u, x) contains an
edgew1x ∈ E(G). Let P(u, w1) denote the path obtained by deleting the vertex x from P(u, x).
Suppose t = 2. Then we see that P(u, w1)P(J)P(x, v) is a Hamilton path in G2 with u and v as end vertices.
Hence we assume that t ≥ 3. For each i ≥ 3, let xi ∈ V (Bi) ∩ N(x). By Theorem 2, there is a Hamilton cycle Ci in B2i
containing the edges xxi and xyi for some vertex yi ∈ V (Bi)∩N(x). Let P(xi, yi) denote the path obtained from Ci by deleting
the vertex x. Then we see that
P(u, w1)P(x3, y3) · · · P(xt , yt)P(J)P(x, v)
is a Hamilton path in G2 with u and v as end vertices.
This finishes the proof. 
We now investigate the case where G contains more than one cut-vertex. Suppose G has exactly two cut-vertices. Then
we note that G has a unique block which contains the two cut-vertices of G.
Theorem 5. Suppose G is a connected graph with only two cut-vertices. If the block that contains the two cut-vertices is
hamiltonian, then G2 is panconnected.
Proof. Again, by Theorem 1, we need only show that G2 is Hamilton-connected. For this purpose, let u and v be two vertices
in G2. We shall show that there is a Hamilton path P in G2 with u and v as end vertices.
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Let z1 and z2 denote the two cut-vertices of G and let B denote the block of G that contains z1 and z2.
Let u1u2 · · · unu1 denote a Hamilton cycle in B.
For each i = 1, 2, let Gi denote the subgraph of G induced by all the blocks, other than B, that contains the cut-vertex zi.
There are four cases to consider.
Case (1): u and v lie on the block B.
In this case, we may assume without loss of generality that u = u1 and v = uk where 2 ≤ k ≤ n. Suppose z1 = ur and
z2 = us.
Let y1, w1 ∈ V (G1)∩N(z1). Then, from the proof of Case (1) of Theorem 4, there is a Hamilton path P1(z1, y1) in G21 with z1
and y1 as end vertices and z1w1 is an edge in P1(z1, y1). Let P∗1 (w1, y1) denote the path obtained from P1(z1, y1) by deleting
the end vertex z1.
Let y2 ∈ V (G2) ∩ N(z2). Then, from the proof of Case (1) of Theorem 4, there is a Hamilton path P2(z2, y2) in G22 with z2
and y2 as end vertices.
We distinguish two subcases.
Case (i): r < k < s.
Suppose k is even. Assume first that k ≥ r + 2.
If r is even, then take P to be the following Hamilton path in G2
u1u3u5 · · · ur−3ur−1P∗1 (w1, y1)ur+1ur+3 · · · uk−3uk−1uk−2uk−4 · · · ur
· · · u2unun−1un−2 · · · us+2us+1P2(z2, y2)us−1us−2 · · · uk+1uk.
If r is odd, then take P to be the following Hamilton path in G2
u1u3u5 · · · ur · · · uk−3uk−1uk−2uk−4 · · · ur+3ur+1P∗1 (w1, y1)ur−1ur−3
· · · u2unun−1un−2 · · · us+2us+1P2(z2, y2)us−1us−2 · · · uk+1uk.
In the event that k = r + 1, we take P to be the following Hamilton path in G2
u1u3u5 · · · uk−5uk−3P1(z1, y1)uk−2uk−4 · · · u2unun−1un−2 · · · us+2us+1P2(z2, y2)us−1us−2 · · · uk+1uk.
Suppose k is odd. Assume first that k ≥ r + 2.
If r is even, then take P to be the following Hamilton path in G2
u1u3u5 · · · ur−3ur−1P∗1 (w1, y1)ur+1ur+3 · · · uk−4uk−2uk−1uk−3 · · · urur−2
· · · u2unun−1un−2 · · · us+2us+1P2(z2, y2)us−1us−2 · · · uk+1uk.
If r is odd, then take P to be the following Hamilton path in G2
u1u3u5 · · · ur · · · uk−4uk−2uk−1uk−3 · · · ur+3ur+1P∗1 (w1, y1)ur−1ur−3
· · · u2unun−1 · · · us+2us+1P2(z2, y2)us−1us−2 · · · uk+1uk.
In the event that k = r + 1, we take P to be the following Hamilton path in G2
u1u3u5 · · · uk−4uk−2P1(y1, z1)uk−3uk−5 · · · u2unun−1un−2 · · · us+2us+1P2(z2, y2)us−1us−2 · · · uk+1uk.
Case (ii): 1 < k ≤ r < s.
Suppose k = 2. Then take P to be the following Hamilton path in G2
u1unun−1 · · · us+1P2(y2, z2)us−1us−2 · · · ur+1P1(y1, z1)ur−1ur−2 · · · u2.
Hence we assume that 2 < k ≤ r < s.
Suppose k is even.
Then take P to be the following Hamilton path in G2
u1u3u5 · · · uk−3uk−1uk−2uk−4 · · · u2unun−1un−2 · · · us+2us+1P2(y2, z2)us−1us−2
· · · ur+2ur+1P1(y1, z1)ur−1ur−2 · · · uk+1uk.
Note that when k = r , then the path P reduces to the following
u1u3u5 · · · uk−3uk−1uk−2uk−4 · · · u2unun−1un−2 · · · us+2us+1P2(y2, z2)us−1us−2 · · · ur+2ur+1P1(y1, z1).
Suppose k is odd.
Then take P to be the following Hamilton path in G2
u1u3u5 · · · uk−4uk−2uk−1uk−3 · · · u2unun−1un−2 · · · us+2us+1P2(y2, z2)us−1us−2
· · · ur+2ur+1P1(y1, z1)ur−1ur−2 · · · uk+1uk.
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Note that when k = r , then the path P reduces to the following
u1u3u5 · · · uk−4uk−2uk−1uk−3 · · · u2unun−1un−2 · · · us+2us+1P2(y2, z2)us−1us−2 · · · ur+2ur+1P1(y1, z1).
Case (2): u ∈ V (B) and v ∈ V (Gi).
We may assume that v ∈ V (G2). Let H denote the subgraph of G induced by G1 ∪ B.
By Theorem 4, there is a Hamilton path L1 in H2 with u and z2 as end vertices and a Hamilton path L2 in G22 with z2 and v
as end vertices where v 6= z2. As such, we see that L1L2 is a Hamilton path in G2 with u and v as end vertices.
In the event that v = z2, then we take L1 to be a Hamilton path in H2 with u and z2 as end vertices and L1 includes an
edge w1z2 of B (which is possible from the proof of Case (1) of Theorem 4). Let L∗1 be the path obtained from L1 by deleting
the end vertex z2. Letw2 ∈ N(z2)∩ V (G2) and let L3 denote a Hamilton path in G22 withw2 and z2 as end vertices. Then L∗1L3
is a Hamilton path in G2 with u and v as end vertices.
Case (3): u ∈ V (G1) and v ∈ V (G2).
This is similar to Case (2) since we can take u ∈ V (G1) ∪ V (B).
Case (4): u, v ∈ V (Gi).
In this case, we may assume that u, v ∈ V (G1).
Let y1 ∈ V (G1)∩ N(z1). Then, from the proof of Case (1) of Theorem 4, there is a Hamilton path P1(u, v) in G21 with u and
v as end vertices and z1y1 is an edge in G1. Now split P1(u, v) into two disjoint paths P1(u, y1) and P1(z1, v) by deleting the
edge y1z1.
Letw ∈ V (B)∩N(z1). Then, from the proof of Case (1) of Theorem 4, there is a Hamilton path P2(w, z1) in (B∪G2)2 with
w and z1 as end vertices. As such, since y1w is an edge in G2, we see that P1(u, y1)y1wP2(w, z1)P1(z1, v) is a Hamilton path
in G2 with u and v as end vertices.
This finishes the proof. 
Webelieve that Theorem 5 remains true as long as the unique block B that contains the two cut-vertices has at least three
vertices.
Problem 1. Suppose G is a graph with only two cut-vertices and B is the unique block that contains the two cut-vertices.
Then is it true that G2 is panconnected if and only if B is not the complete graph on two vertices?
The following related problem might be helpful in answering this.
Problem 2. Let B be a 2-connected graph and let u, v, x and y be four distinct vertices on B. Is it true that there is a Hamilton
path P in B2 with u and v as end vertices and P contains the edges xx1 and yy1 which are also edges in B?
Note that if this problem is true, then it contains Theorem 3 as a special case.
We now investigate the panconnectedness of graphs having at most one cycle. An internal cut edge is a cut edge xy in
which d(x), d(y) ≥ 2 in G.
Theorem 6. Let G be graph. If G2 is panconnected or edge-pancyclic, then G contains no internal cut edge.
Proof. Let xy be an internal cut edge of G. Then {x, y} is a cut set in G2. As such there is no Hamilton path (respectively cycle)
in G2 with x and y as end verticies (respectively containing the edge xy). 
Corollary 1. Let T be a tree on n (≥3) vertices. Then the following are equivalent.
(i) T 2 is panconnected;
(ii) T 2 is edge-pancyclic;
(iii) T is K1,n−1.
The proof is an immediate consequence of Theorem 6.
Theorem 7. Let G be a unicyclic graph. Then G2 is panconnected if and only if
(i) G contains no internal cut-edges and
(ii) G contains vertices of degree 2.
Proof. The necessary condition (i) follows directly from Theorem 6.
Let the unique cycle in G be denoted by u1u2 . . . unu1 in cyclic order. Further, let Ai denote the set of vertices of degree 1
which are adjacent to the vertex ui, i = 1, 2, . . . , n. If G has no vertices of degree 2, then Ai 6= ∅ for each i = 1, 2, . . . , n. Note
that, each Ai induces a complete subgraph in G2. Let Pi denote a Hamilton path in this complete subgraph, i = 1, 2, . . . , n.
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To show that (ii) is a necessary condition, we just need to show that there is no Hamilton path in G2 having u1 and un as
end vertices. Suppose the contrary and let P denote such a path. If P contains the edge u1un−1, then the vertices of An will
not be included in P . If P contains the edge u1u2 or u1u3, or an edge u1x, where x ∈ A2, then some vertex in A1 ∪ An will not
be included in P . Hence P must contain the edge u1x for some vertex x ∈ A1 ∪ An.
Case (i): x ∈ A1.
In this case, P must contain the subpath of the form u1P1u2, and inductively, for each i = 1, 2, . . . , n− 1, P must contain
the subpathuiPiui+1. Thismeans that Pmust take the formu1P1u2P2u3 . . . un−1Pn−1un. But then vertices inAn are not included
in P , a contradiction.
Case (ii): x ∈ An.
In this case, P must contain the subpath of the form u1Pnun−1, and inductively, for each i = 1, 2, . . . , n − 3, P must
contain the subpath un−iPn−iun−i−1. This means that P must take the form u1Pnun−1Pn−1un−2Pn−2 . . . u2P2. But then vertices
in A1 are not included in P , a contradiction.
We now show that (i) and (ii) are sufficient conditions for G2 to be panconnected. Let u and v be two vertices on G. We
shall show that there is a Hamilton path P in G2 having u and v as end vertices.
Since G contains vertex of degree 2, there exists 1 ≤ i ≤ n such that Ai = ∅.
Consider the case where u and v both lie on the unique cycle of G. Without loss of generality, assume that u = u1 and
v = uk for some 2 ≤ k ≤ n.
Case (1): A1 = ∅.
In this case, let L1 = u1P2u2P3u3 . . . uk−2Pk−1uk−1Pkuk+1Pk+2uk+3. If k and n are of different parity, then take P to be the
path
L1 . . . un−2Pn−1unPnun−1Pn−2un−3Pn−4un−5 . . . uk+2Pk+1uk
and if k and n are of the same parity, then take P to be the path
L1 . . . un−3Pn−2un−1PnunPn−1un−2Pn−3un−4 . . . uk+2Pk+1uk.
Note that, in the event that Ai = ∅, then Pi is an empty path and the corresponding subpath of the form ui−1Piui or uαPiuβ ,
where {α, β} = {i− 1, i+ 1}, reduces to the edge ui−1ui or uαuβ respectively.
Case (2): A1 6= ∅.
In this case, we may assume that Ak 6= ∅ (otherwise just interchange the role of u1 and uk) and that there exists an
1 < i < k such that Ai = ∅ (by relabeling the subscripts if necessary). Let
L2 = u1P1u2P2 . . . ui−1Pi−1uiPi+1ui+1Pi+2 . . . uk−1Pkuk+1Pk+2uk+3.
If k and n are of different parity, then take P to be the path
L2 . . . un−2Pn−1unPnun−1Pn−2un−3Pn−3un−5 . . . uk+2Pk+1uk
and if k and n are of the same parity, then take P to be the path
L2 . . . un−3Pn−2un−1PnunPn−1un−2Pn−3un−4 . . . uk+2Pk+1uk.
It remains to consider the case where not both u and v lie on the unique cycle of G. Suppose u is in A1.
If v ∈ Ak (respectively v = uk), let G∗ denote the graph obtained by deleting all the vertices in A1 ∪ Ak (respectively A1)
together with all edges adjacent to them. By Case (1), there is a Hamilton path Q in G2∗ having u1 and uk as end vertices. But
this means that P1QPk (respectively P1Q ) is a Hamilton path in G2 having u and v as end vertices.
If v ∈ A1, let P∗1 denote a path in G2 with v as an end vertex and containing all the vertices of A1 except u. Clearly the
other end vertex of P∗1 is adjacent to u2 in G2. Let G∗ denote the graph obtained by deleting all vertices in A1 together with
all edges adjacent to them. By Case (1), there is a Hamilton path Q in G2∗ having u1 and u2 as end vertices. But this means
that uQP∗1 is a Hamilton path in G2 having u and v as end vertices.
The case where u ∈ A1 and v is the vertex u1 is treated in a similar manner.
This finishes the proof. 
It is easy to see that Theorem 7 remains true if panconnectedness is replaced by edge-pancyclicity. A graph is called
an SF graph if it is obtained in the following manner. Take a cycle whose vertices are denoted u1, u2, . . . , un. For each
i = 1, 2, . . . , n, let Ai denote a set of independent vertices and join ui to each vertex in Ai. If for some 1 ≤ i ≤ n, Ai is
an empty set, then the SF graph is said to be broken.
Corollary 2. Let G be a unicyclic graph. Then the following are equivalent.
(i) G2 is panconnected;
(ii) G2 is edge-pancyclic;
(iii) G is a broken SF graph.
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We shall end this section with following observation. Let H be a graph and let S(H) denote the graph obtained by
subdividing each edge of H exactly once.
Let T be a tree n (≥3) vertices. In [5], it was shown that T 2 is hamiltonian if and only if T does not contain S(K1,3) as a
subgraph. By Theorem 1(i), it follows that T 2 is vertex-pancyclic if and only if T 2 is pancyclic if and only if T does not contain
S(K1,3) as a subgraph.
3. Remarks
(i) Suppose G is a connected graph. Then the cyclomatic number of G, denoted c(G), is defined to be |E(G)| − |V (G)| + 1.
Clearly, c(G) = 0 if and only if G is a tree. Also, c(G) = 1 if and only if G is a unicyclic graph.
Corollaries 1 and 2 characterize all graphs Gwith c(G) = 0 and c(G) = 1 respectively such that G2 is panconnected. As a
possible avenue for future research in this area, one may wish to investigate the panconnectedness of the square of graphs
with given cyclomatic numbers.
(ii) It might be worth noting that, despite Fleischner’s result that the square of any 2-connected graph is hamiltonian [3],
Underground [8] has shown that the general problem of recognizing graphs whose square is hamiltonian is NP-complete.
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